In this paper, a further investigation for the Apostol-Bernoulli and Apostol-Euler polynomials and numbers is performed. Some closed formulae of sums of products of any number of Apostol-Bernoulli and Apostol-Euler polynomials and numbers are established by applying the generating function methods and some summation transform techniques. It turns out that some well-known results are derived as special cases.
Introduction
The classical Bernoulli polynomials B n (x) and Euler polynomials E n (x) are usually defined by means of the following generating functions: In particular, the rational numbers B n = B n () and integers E n =  n E n (/) are called the classical Bernoulli numbers and Euler numbers, respectively. As is well known, the classical Bernoulli and Euler polynomials and numbers play important roles in different areas of mathematics such as number theory, combinatorics, special functions and analysis. Numerous interesting properties for them can be found in many books; see, for example, [-] . Here is the well-known Euler formula on the classical Bernoulli numbers: In the present paper, we will be concerned with some closed formulae of sums of products of any number of Apostol-Bernoulli and Apostol-Euler polynomials and numbers. The idea stems from the two identities of Xu and Cen [] applying the famous Faà di Bruno formula to answer a problem posed by Guo and Qi [] . We prove the two results due to Xu and Cen in a brief way again. As further applications, we obtain some closed formulae of sums of products of any number of Apostol-Bernoulli and Apostol-Euler polynomials and numbers by applying the generating function methods and some summation transform techniques. It turns out that some known results including the ones stated in [, ] are derived as special cases. http://www.advancesindifferenceequations.com/content/2014/1/155
Some auxiliary results
We firstly recall the Stirling numbers of the first kind s(n, k) and the Stirling numbers of the second kind S(n, k) which can be found in the standard book [] . The Stirling numbers of the first kind are the coefficients in the expansion
and the Stirling numbers of the second kind are characterised by the identity
The notation (x) n appearing in (.) and (.) stands for the falling factorial (x) n of order n defined by (x)  =  and (
for positive integer n and complex number x. In fact, the Stirling numbers of the first kind s(n, k) and the Stirling numbers of the second kind S(n, k) can be defined by means of the following generating functions:
If making use of (.) then one can easily obtain the pair of classical inverse relations (see, e.g., [, p.]):
with n being non-negative integer and f (n) and g(n) being two sequences. Motivated by two identities appearing in [], Guo and Qi [, ] posed the following problem: for t =  and positive integer n, determine the numbers a n,k- for  ≤ k ≤ n such that
(  .  ) 
Theorem . ([]) Let n be a non-negative integer and α, λ two parameters. Then
and for positive integer n,
Proof In view of the binomial series
we discover
If taking x = -j in (.) then we obtain, for positive integer n,
It is easy to see from (.) that
Thus, combining (.) and (.) gives the formula (.). It follows from (.) and (.) that (.) is complete. This concludes the proof.
It becomes obvious that in the case α =  in (.) arises, for positive integer n,
.
(  .   )
We next give another auxiliary result as follows. 
Theorem . Let n be a non-negative integer. Then
where x n denotes the rising factorial x n of order n defined by x  =  and x n = x(x + )(x + ) · · · (x + n -) for positive integer n and complex number x, f (y, t) is denoted by f (y, t) = 
It is easy to see from the properties of the Beta and Gamma functions that, for nonnegative integers m, n,
Thus, by setting r = , y =  and g(y, t) = /(λe t -) -δ ,λ /t in (.), with the help of (.) and (.), we obtain, for non-negative integers m, n,
We shall make use of the above formulae (.), (.), (.) and (.) to give some closed formulae of sums of products of any number of Apostol-Bernoulli and Apostol-Euler polynomials and numbers in the next section. http://www.advancesindifferenceequations.com/content/2014/1/155
The restatement of main results
Before stating our main results, we begin by introducing the Stirling cycle numbers n k
given by the relation
. In fact, the Stirling cycle numbers can be defined recursively by (see, e.g., [, ])
In this section we always denote by p n,m (x) a polynomial given by (see, e.g., [, ])
and we also denote by n r  ,...,r k the multinomial coefficient defined by
We next explore the closed formulae of sums of products of any number of ApostolBernoulli and Apostol-Euler polynomials and numbers. The discovery depends on the following identity:
where r is a non-negative integer, m is a positive integer with  ≤ r ≤ m and
On the other hand, from (.) we discover
(  .  ) http://www.advancesindifferenceequations.com/content/2014/1/155
If applying (.) to the right-hand side of (.) then
Changing the order of the summation on the right-hand side of (.) gives
Thus, by equating (.) and (.) and then applying (.) the following result arises.
Theorem . Let m be a positive integer and y
There follow some special cases of Theorem .. Obviously the case λ =  in Theorem . is an equivalent version of the classical formula of Dilcher [, Theorem ]:
Theorem . can also be used to give the closed formula of sums of products of any number of Apostol-Bernoulli numbers described in [] . For example, since the Apostol-Bernoulli http://www.advancesindifferenceequations.com/content/2014/1/155 polynomials obey the symmetric distribution
and the difference equation
which can be found in [] , by setting x  = x  = · · · = x m =  and replacing λ by /λ in Theorem ., in view of (.), we derive
On multiplying λ x- in both sides of (.) and substituting x = , . . . , m -, in view of adding the preceding results, we get for positive integer m and non-negative integer n,
We notice that, from (.), we have λB  (; λ) =  + B  (λ) and λB n (; λ) = B n (λ) for positive integer n ≥ , and the following relation (see, e.g., []):
Thus, by applying (.) and (.) to (.), one can obtain the closed formula for the Apostol-Bernoulli numbers due to Kim and Hu [, Theorem .], as follows: 
With the help of (.) and (.), we rewrite the left-hand side of (.) as 
